We consider a system that both ends of a charged open string are attached on the Dpbrane with constant electromagnetic fields. Contrary to neutral strings, the quantization of charged strings has not been so far considered well. For this system we construct the spectrum-generating algebra (SGA), which involves the cyclotron frequency. When the cyclotron frequency is set to be zero, the SGA is reduced to the ordinary SGA for neutral strings. The new SGA for charged strings guarantees that this system is ghost-free if certain conditions are satisfied. We also consider its application to the Hall effect for charged strings. §1.
§1. Introduction
The charged open string is defined as X µ (τ, σ), 0 ≤ σ ≤ π, which ends on the Dp-brane with different charges q 0 at σ = 0 and q π at σ = π, whereas q 0 + q π = 0 for the neutral string. The Dp-brane involves a constant background field perpendicular to the brane.
Contrary to the neutral string, the quantization of the charged string is not so well known. 1)-3) Here we meet a problem of how to work the no-ghost theorem in this system. For the neutral string with background fields, the spectrum-generating algebra (SGA) is well known to guarantee the system to be ghost-free, if the spacetime dimension is d = 26 and the Regge intercept is α(0) = 1. For the charged string with a background field, however, it is not so clear whether the conventional SGA works well or not, because of existence of normal modes involving the cyclotron frequency. We then construct the new SGA for charged strings, and find that our system is ghost-free if d = 26 and α(0) = 1 − i ω i /2 + i ω i 2 /2, where ω i is the i-th block cyclotron frequency of the charged string.
As an application, we consider the Hall effect for charged strings on the D2-brane, in which constant electromagnetic fields are living. We calculate the Hall conductivity for the current as a flow of charged strings.
In Sec.2 we summarize the quantization of the charged string placed in constant background fields. In Sec.3 the SGA for charged strings is constructed. In Sec.4 we calculate the Hall conductivity for the charged strings. The final section is devoted to concluding remarks. §2. Quantization of the charged string
The interaction Lagrangian of our system is given by
where A µ , µ = 0, 1, · · · , p is the U (1) gauge field living on the Dp-brane. we choose a gauge such as
with F µ ν , the constant electromagnetic field strength. Introducing a time-indepent function ρ(σ) such that
3) the interaction Lagrangian can be rewritten as
where the total time derivative ∂ τ ρX ′ F X has been discarded. This theory does not depend on the functional form of ρ(σ) for 0 < σ < π, because the action based on Eq.(2 . 4) is invariant under a variation with respect to ρ(σ). The total Lagrangian is given as
The equation of motion and the boundary conditions follow from the action based on Eq.(2 . 5):
where c a 0 , c a π are constants, indicating locations of D-branes. We will concentrate on a 2 × 2 block of F µ ν
where K is a positive real number. This means that we are considering actually a magnetic field.
The Dirac quantization for this constrained system has been carried out in Ref. 3) . First of all we diagonalize F µ ν by matrices
to give
Then we define X (±) by
The boundary conditions (2 . 7) become
14)
The solutions for Eqs.(2 . 6) and (2 . 14) are
where the cyclotron frequency ω is defined by
The commutation relations for mode operators for X (±) are
We find the noncommutativity of X (±) (τ, σ) at both ends,
where
The solution for Eqs.(2.6) and (2.13) is the usual one, i.e., 
The commutation relations for mode operators are
The Virasoro operator is defined as
When F µ ν has many blocks, Eq.(2 . 25) should be replaced by
where ω i is the cyclotron frequency of the i-th block. The Hamiltonian corresponds to L 0 , and the Virasoro conditions for physical states are
where α(0) is Regge intercept. §3. Spectcrum-generating algebra for the charged string
In this section we consider a SGA for charged strings when constant background fields are present. This is necessary to guarantee that the system is ghost-free.
First we recall SGA for a free string. We define relevant operators as
3)
where P ± ,X ± are light-cone variables defined by
, with the c.m. variables x µ , p µ , and the mode operators α µ n satisfying
We work in the subspace with p − = 1, so that
SGA is summarized as follows:
The spectrum-generating operators A i n , K n are commutable with the Virasoro operator L (0) n for the free string, and generate all the physical states satisfying the Virasoro conditions. The commutation relations (3 . 9) suggest an isomorphism
is the transverse part of the Virasoro operator
The c-number a is Regge intercept a = α(0). Comparing Eqs.(3 . 9) with (3 . 12), we find that the isomorphism is completed if d = 26 and a = 1. Now let us return to the charged string in Sec.2. We first consider the case where F µ ν has only one block. The components of string coordinates are given by X 0 , X (+) , X (−) , X 3 , · · · , X d−1 . Contrary to the free-end string, X a (τ, σ), a = 3, · · · , d − 1, satisfy the fixed end boundary conditions. So, we should be careful for Eq.(3.1). Alternatively we define
where y µ , q ν are a conjugate pair obeying [y µ , q ν ] = iη µν , and
(3 . 14)
so that y 0 = x 0 , q 0 = p 0 . On the other hand we have for X a (τ, σ)
where there appears no y a conjugate to q a = α a 0 , which is the displacement operator of σ.
We now consider the light-cone variables. The more general light-cone variables are defined by
where κ is a real parameter, and
As discussed in the last section, the usual light-cone variables with κ = 1 are inadequate for the D-brane physics.
For the (±) components(which should be distinguished from the light-cone variables ±), instead of P µ (τ ) in Eq.(3 . 2) we adopt
which satisfy
Here δ ω (s) is defined as δ ω (s) = exp(−iωs)δ(s) with 2π-period delta function δ(s), and has a property, δ ω (s + 2π) = exp(−2πiω)δ ω (s).
Corresponding to A i n in Eq.(3 . 4) we define the SGA operators for the (±) components as
where V (τ ) is defined by V (τ ) = exp[iX − (τ )] with the light-cone variable X − (τ ) above. For the sake of p − = 1, V (τ ) carries a factor e iτ and hence V (τ ) n±ω a factor e i(n±ω)τ . The non-periodic factor e iωτ is canceled by the similar factor in P (±) (τ ). In the following calculations this cancellation always occurs among δ ±ω , V (τ ) n±ω and P (±) . We are to show the commutation relations
which guarantee the (±) parts of the isomorphism A
n , and to show also that the A (±) n 's commute with the Virasoro operators. Here K n is the same as Eq.(3.5), but the light-cone variables are defined by Eqs.(3.17) and (3.18).
The commutator A
giving Eq.(3 . 24). In the same way we have with the Virasoro operator L n (2 . 24) with F = 0 can be shown as follows: We define L(τ ) by
In order to show L(τ ) , A
(±) n = 0, we first calculate the first term of L(τ ) as
For the second term we have :
Since the third term is irrelevant, we get
To sum up, the modified SGA for the (±)-components is given by
These are to be compared with the commutation relations
Comparing Eqs.(3 . 30) with (3 . 31), the isomorphism
When F µ ν has many blocks, the last equation of Eqs.(3 . 31) should be replaced by
and the conditions (3 . 34) by
where ω i is the cyclotron frequency of the i-th block.
The other transverse components obey the same algebra as in the free case, and we have the same isomorphism as Eqs.(3 . 10). SGA thus obtained includes the operators α a 0 = q a . The q a should be replaced by 0-eigenvalue when both ends of the string end on the same brane, whereas by q a = (x a π − x a 0 )/π-eigenvalue when the other end-point of the open string is attached to the different brane. Once we have SGA together with the Virasoro condition(2 . 27), then we can conclude that our system is ghost-free provided the conditions (3 . 36) are satisfied. §4. The Hall conductivity
The Hall effect is characterized by the induced electric field E 1 in the 1-direction on the plate (D2-brane), and the induced current density J 2 = σ 21 E 1 in the 2-direction, where σ 21 is the Hall conductivity, while there is no induced current in the 1-direction, i.e., J 1 = 0.
For this purpose we will concentrate on a 3 × 3 block of F µ ν ,
This is diagonalized as
with K = √ B 2 − E 2 (we assume 0 < E < B) and
Then we have
The boundary condition Eq.(2 . 7) become
So, Z(τ, σ) plays a role of the time component of the free string. Its normal mode expansion is
The other components, X 3 , · · · , X d−1 , obey the fixed end boundary conditions, and are already discussed before. The corresponding SGA is the same as for the case of i = 1 in Sec.3. From Eq.(4 . 6), X 0 and X 2 are given by
Now, let us define the "time" by an expectation value of X 0
Here the expectation values of physical quantities have been taken over stationary states, which are constructed by means of spectrum-generating operators obeying the new SGA, and, therefore, ghost-free. The τ derivative of Eq.(4 . 13) becomes
because Ẏ (τ, 0) vanishes,Ẏ ∼Ẋ (±) being linear in α
n . The current density in the 2-direction is defined by
where n is the density of charged strings. Also we have
n . This means that the current density in the 1-direction vanishes, J 1 = 0.
In conclusion, the Hall conductivity for charged strings is given by σ 21 = −(q 0 + q π )n/B, and this coincides with the same formula as in the ordinary particle Hall effect. §5.
Concluding remarks
We have constructed the new SGA for charged strings placed in constant background fields. Contrary to the neutral string this algebra includes the cyclotron frequency. As a conclusion our system is ghost-free, if the space-time dimension is d = 26 and the Regge intercept is α(0) = 1 − i ω i /2 + i ω i 2 /2, where ω i is the i-th block cyclotron frequency of the charged string.
In Eqs. We have also calculated the Hall conductivity for the charged strings, which end on the D2-brane with a constant electromagnetic field. The result coincides with that of the ordinary two-dimensional electron system.
Finally we recall that, in order to obtain the quantum Hall effect for electrons, it is important to take into account of effects of impurity potentials or electronelectron scatterings. Otherwise, we get only the non-quantum result. The same thing may happen to charged strings. We expect the same quantum Hall effect for charged strings, if we take into account of effects of impurity potentials or stringstring scatterings. These interesting problems will be remained in future studies.
